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Self-dual block codes of rate 1/2 arc  cxmstructcd

here. The COCJCS  arc of length 8n1 with wcigllts  w,
w = O IIIOd  4. The codes have a convollltional  portion
of knlgt]l  8771 – 2 and non-systematic. information length
4 !Jt – 1. !J%c last two bits arc parity checks on the two
(4771  – 1 ) length parity scqucnccs.  ‘1’hc final informa-
tion l}it com~)lcmcnts  onc of the cxtcndcd  parity sc-
quc]lccs  of length 4?n, Solomon and Van Tilhorg  [I]
have dcvclol~cd  algortihms  to gcncratc  these for the
quadratic residue codes of lengths 24 and beyond. For
reasonable constraint lengths, there arc Vitcrbi  type
decodings I]ossiblc  that may bc simple as in the con-
volutional (>llcoclillg/dccodillg  of the cxtcndcd  C+olay
Code [2]. In addition, the K = 9 constraint length for
the QR (48, 24;12) code found in [I] is lowered here
to  K = 8.
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l,ct n = 4771  – 1. Wc may c o n s t r u c t  a. b l o c k  COCIC o f
ratrc 1/2 of lcngt,h  2(n + 1 ) with wcigbils  lnultip]cs of 4 as
follows.
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2.

‘3. .

‘J’lIc IJortion of length 2n is convolutional]y  gcllcr-
at)ccl by a K stage register p(z) and g(x) of dcgrcc l{-
1 wlIosc  entries are n +- K-] bits long with I,hc first
and last (K-1 ) bits iclcl]tical. I’wo parity scqucnccs,
cacll  of lcngtlI 12 arc IIon-systclnatically generated,

onc for each polynonlia].

An additio]lal 2 bits arc adjoined as overall parity
cllccks 011 the n bit, parity sequences. ‘1’lle (n +
1)~” information bit is added to each bit of the p(x)
l)arit,y  scqucncc.

‘llIIC cncodcr polynon)ia]s  p(r) a n d  q(x) o f  dcgrcc
1{-1. arc rclatccl thus]y:  q(x) = xJ{-’p(z-l)

Proof
‘1’IIc l)roof uscs the Solon]oll-Mcl’}  liccc I’z l“onnula [ 3 ]

011 (IIC  hflattsol~-Solol~lo~l  (hIS) rcprcscntation of the even
wcigllt IJarity scqucnccs of ]cngths n = 4111-1 gcncratcd by
))(x)  a n d  q(x). lJsing t,hc rclat,ionsbip  ofp(x) to q(~), onc

ol)tains cqualit,y o f  1’2 f o r  ihc two scqucnccs. ‘Ikeal,ing
o d d  wcigllt l)arity scqucnccs as con~plc~ncnts  of tlIc all-
OIIC l)aritly  scqucncc,onc scc s  l, bat cxtcncling t,hc lcnglhs
l)y even l)arity again gives even weights W, w = (J ]nod
4 .  N o t e  too t,hat the  colmplcmcnting  of  onc  cxt,cndcd
scqucncc  prcsmrvcs  t,hc weight property.

1 ‘1’],i~ ~ork ~a~ ,)~f~~,,,c~ @ the ELUthOI’  ~hilc  actil)g  as  a  cO])-

sult m)t t o tllc  Jet  l ’ repulsion 1,aboratory,  Califorv)  ia lnst  itut.c of
‘Ikcl]])ology,  under contract  to L1lC  Natiollal  Acrcmautics  and S1)acc
Adll)illistratioll
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III  this section wc int,roducc an inlprovcd  col]struction
of l,hc (48,24;1  2) Quadraiic Rcxiduc Coclc  t,}lat requires a
convolutional encoding of Ii’ = 8 stages instead of 1{ = 9
as i)] Solonlol~-vail ‘J’i]borg,  [1].

l,ct n = 23, K = 8,p(x) = X7 +- X6 + X5 +- X2 +- 1 and
q(r) = X7+  X5: X2 +-x+ 1. Apply the construction in the
theorem ahovc to obtain a self-dual (48,24 ;12) code. rJ’his
is tlIc  (48,24 ;12) Quadratic ILcsiduc  code.

For,  if the check polynonlial for the Qlt code in powers
ofx is 0,1,4,6,9,12,13,15,16,19, 20, 24, onc nlay gcncratc
a codeword at coordinates 0,2,5,6,7,13,15,22,23,28,37, (in
l)owcrs  of say /3 so that, ‘J’r,B = 1, a 47t~ root of unity).

‘1’IIc overall parii,y  check bit is given by x = O. ‘1’hc coor-
dinates 2,6,7,28,37 lnay bc ic]cntificd  with the quadratic
r e s i d u e  poinis with r = 1, the Ot}L  ~)owcr coordina te  t,hc
overa l l  l)arity check on t,hc t,racc OIIC or QR J~oints. clc-
nlcnts the trace zero c]clncnts, cxccptil)g x = (J , ‘J’]Ic coor-
dinates 5,13,15,22,23 then arc non Qlt ~)oints  with x = O
as J)arity.  ]n JJowcrs  of 4 si,arting with 37 onc gct,s (37 728
18256242 . . . . onc gets O 1 257 as an ordering. Similarly
J,hc non quadratic rcsiclucs in powers of 4, starting with
22arc(224123453915135  . . ..onc gcts02567as
an ordering. ‘1’IIus  if wc choose p(x) = X7+X5+X2  +x+- 1
and q(x) = X7 + X6 +- X5 +- X2 :-1, JJ]is will gcncratc a colI-
volutional J)ortion  of length 46. Adc]ing  t,hc overall J)arity
cllcc.ks yields t,hc QR code. ‘1’lIus K = 8.
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‘l%is requires two decodings as in [2]. Assumc tbc rc-
ccivcd  p(x) scclucnce  has  not  been  conlplcmcn~cd.  i.e.,
the 24i,h information bit is zero. As onc dots not know
the initial 7 bits, onc nlay take the rcccivcd cncodcd sc-
qucnccs,  repeat 3 or 4 times and attach then) cad to end.
N o w  Vitcrbi dccoclc  as if wc started in tbc nliddlc. Usc
the l)arity infornlation to Lake advantage of }Iarnnling dis-
tance 12. Altcrnatc]y  assunlc that the p(z) scqucncc has
bccIl  colI~I)lcl~lclltccl,al~cl do t,hc obvious dccodi~lg.
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